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Abstract 

A world-volume model of a non-critical 3-brane is quantized in a 
strong coupling phase in which fluctuations of the conformal mode 
become dominant. This phase, called the conformal- mode dominant 
phase, is realized at very high energies far beyond the Planck mass 
scale. We separately treat the conformal mode and the traceless mode 
and quantize the conformal mode non-perturbatively, while the trace- 
less mode is treated in a perturbative method that is renormalizable 
and asymptotically free. In the conformal-mode dominant phase, the 
coupling of the traceless mode vanishes, and the world-volume dy- 
namics are described by a four-dimensional conformal field theory 
(CFT4). We canonically quantize this model on R x S 3 , where the 
dynamical fields are expanded in spherical tensor harmonics on 5 3 , 
which include both positive-metric and negative-metric modes. Con- 
formal charges and a conformal algebra are constructed. They yield 
strong constraints on physical states. We find that all negative- metric 
modes are related to positive-metric modes through the charges, and 
thus negative-metric modes are themselves not independent physical 
modes. Physical states satisfying the conformal invariance conditions 
are given by particular combinations of positive-metric and negative- 
metric modes. An infinite number of such physical states are con- 
structed. In the appendices, we construct spherical vector and tensor 
harmonics on 5 3 in practical forms using the Wigner D functions and 
the Clebsch-Gordan coefficients and calculate the integrals of three 
and four products of these harmonics over S 3 . 
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1 Introduction 



In this paper, we quantize a world-volume model of a 3-brane. As in 
the case of non-critical string [1, 2, 3, 4, 5, 6, 7, 8, 9], the action for the 
conformal mode of the world-volume metric is induced from the measure 
as the Wess-Zumino action [10] (Liouville action [1] in two dimensions) re- 
lated to the conformal anomaly [11, 12, 13, 14, 15]. The conformal mode is 
treated non-perturbatively in the sense that there is no coupling concerning 
this mode. In four dimensions, we cannot make the conformal anomaly van- 
ish. Fo this reason, we refer to a quantum theory of a 3-brane as a non-critical 
3-brane [16, 17, 18, 19, 20, 21, 22]. Furthermore, considering a world- volume 
model coupled to four-dimensional M = 4 super Yang-Mills theory (SYM 4 ), 
it is a world- volume model of a D3-brane [23, 24]. The aim of this paper is 
to quantize a non-critical 3-brane on the Rx S 3 background, derive the con- 
formal algebra corresponding to the Virasoro algebra in a non-critical string 
on R x S, and construct physical states. 

Of course, in four dimensions, the metric field becomes dynamical, and we 
must solve the problem of world-volume singularities in the strong coupling 
phase. We here consider a model in which singularities are removed quan- 
tum mechanically. In this sense, the Einstein theory is excluded, because 
singularities are solutions of R^ v = 0, so that the quantum weight of the 
Einstein action becomes order 1: e~ § R ~ o(l). To begin with, the action is 
not bounded from below. 

We here look for a model in which the world- volume becomes conformally 
flat in the strong coupling phase of gravity realized in the energy region, i.e. 
that in which E ^> Mp, where Mp is the Planck mass [21, 22]. We call this 
strong coupling phase the conformal-mode dominant phase. This implies that 
configurations in which the Weyl tensor C^ u \ a vanishes become dominant in 
this phase. 

The conformal-mode dominant phase is realized by the quantum weight 
exp(-^ / Cl uXa ) [25, 26, 27, 28, 29, 21, 22]. This weight implies that singular 
configurations have vanishing weights, 3 and the C^ v \ a = configuration 
becomes dominant in the limit t — > 0. Here, t is the coupling of the traceless 
mode. Thus, the asymptotic freedom [27, 22] now implies that the world- 

3 Thc singularity that satisfies C^\ a — is not considered here. However, this singu- 
larity is removed by the action of the conformal mode induced from the measure. 
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volume becomes conformally flat at very high energies far beyond the Planck 
scale. This feature is called an asymptotically conformal flatness [21, 22]. 
Here, it is worth commenting that this weight gives the same value for all 
configurations for which only the values of the conformal mode are different, 
because of the conformal invariance of the Weyl action. Thus, we must 
integrate the conformal mode exactly over the entire range. 

The fact that there is no singularity implies that point-like excitations are 
forbidden for E > Mp, because for such energies, a particle is a mini black 
hole. This is an advantageous feature of the model when we consider unitarity 
in the strong coupling phase, i.e. the information loss problem. In fact, at 
such energies, the Heisenberg uncertainty for the position, Ax ~ = Lp, 
becomes smaller than the Schwarzshild radius, 2G ^ Mp = 2Lp, where Gn is 
the gravitational constant and Lp is the Planck length. Thus, all information 
regarding such a point-like excitation is inside the black hole, so that it is 
lost, because we cannot extract it. This means that we must abandon the 
standard particle picture for E > Mp. The fact that such singularities are 
forbidden quantum mechanically implies that physical states are changed in 
this energy region. 

The conformal invariance determines the kind of world- volume excitations 
that arise in the conformal- mode dominant phase. This is related to the 
problem of negative-metric modes in higher-derivative actions. Because we 
cannot remove such undesired modes using gauge degrees of freedom, we 
need a new mechanism to confine them [26, 28, 29]. We here assert that 
the conformal invariance is just such a new mechanism. In order to solve 
this problem, we construct conformal charges and a conformal algebra that 
define physical states in the strong coupling phase. In fact, we find that 
conformal charges relate negative-metric modes to positive-metric modes so 
that no negative-metric modes are independent. Physical states satisfying 
the conformal invariance condition are given by particular combinations of 
positive-metric and negative-metric modes. There are an infinite number of 
such physical states. We construct them in definite forms. 

This paper is organized as follows. In the next section, we define a model 
of a non-critical 3-brane and summarize the advantageous properties of this 
model and the problems we must solve. In Sect. 3 we canonically quantize the 
model on Rx S 3 in the conformal-mode dominant phase. We here introduce 
the radiation^ gauge, in which the space of the residual gauge symmetry 
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becomes equivalent to the space spanned by the conformal Killing vectors on 
Rx S 3 . The mode expansions and canonical commutation relations are listed 
there. In Sect. 4, we construct conformal charges and their algebra for all dy- 
namical fields. The scalar fields and the conformal mode have already been 
constructed by Antoniadis, Mazur and Mottola [20]. We develop their cal- 
culations, as we can treat fields with vector and tensor indices, in particular 
the traceless mode. In Sect. 5, physical state conditions are defined. There, 
we give definite expressions of physical states. The last section is devoted to 
conclusions. In the appendices we develop the technique for spherical tensor 
harmonics on S 3 . We construct them in practical forms using the Wigner D 
functions and the Clebsch-Gordan coefficients and calculate the integrals of 
products of three and four harmonics. Useful formulae, product expansions, 
crossing relations, and so on, are obtained there. 

2 A World-volume Model of a Non-critical 
3-brane 

We would like to construct a non-critical 3-brane theory without world- 
volume singularities. We here propose a non-singular model in which the 
world-volume metric becomes conformally flat in the strong coupling phase 
of gravity. This implies that fluctuations of the conformal mode become 
dominant in the region of energies much higher than the Planck energy. 
Such a configuration is characterized by the vanishing of the Weyl tensor. 

A model satisfying this non-singular condition was proposed in Refs.[21, 
22]. This model is defined, in the Lorentzian signature (—1, 1, 1, 1), by the 
partition function 




(2.1) 



with the action 



C^ v \(jC^ u a — bG 4 + 
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Here Mq = Mp /vo7r is the reduced Planck mass, t is the coupling constant 

of the traceless mode, and C^ u \ a is the Weyl tensor, 



which is the field strength of the traceless mode. Also, G4 is the Euler density 
in 4 dimensions, 



The bare constant b is not an independent coupling. The renormalization 
procedure for this constant is given in Ref.[22]. The fields X and A are the 
scalar and gauge fields. Considering a model coupled to Af = 4 SYM 4 [24], 
it can be regarded as a world- volume model of a D3-brane [23] . 

We here summarize the advantageous features of this world- volume model: 

• The perturbative expansion in the coupling, t, is renormalizable at 
higher order [22] and asymptotically free [27]. This implies that at 
very high energies much greater than the Planck scale, configurations 
in which the Weyl tensor vanishes become dominant. This condition is 
refered to as asymptotically conformal flatness (ACF) [21, 22]. 

• ACF implies that fluctuations of the conformal mode become impor- 
tant. This corresponds to a strong coupling phase of gravity, called the 
conformal-mode dominant phase. In this phase, the conformal mode 
must be quantized non-perturbatively, so that the model can be de- 
scribed as CFT 4 . 

• There is no pure R 2 action, because it is forbidden by the condition 
of integrability,[15, 16, 17] 4 or higher-order renormalizability [22]. The 

4 The integrability condition is expressed by the equation [i Ul ,5 U2 ]r = 0, where 
is a conformal variation and T is the 1PI gravitational effective action [15]. This is the 
condition determining whether F exists, because T is obtained by integrating the ordinary 
action with respect to the conformal mode. This condition, in addition to forbidding the 
R 2 action, requires the action to be a combination of C^„ Acr and G4 and also requires 
conformal coupling for scalar fields. On the other hand, there is no restriction for actions 
with dimensional parameters, such as the Einstein action, the cosmological constant and 
mass terms of matter fields. 




G 4 
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kinetic term of the conformal mode is induced from the measure, as in 
the case of a non-critical string. This fact is also important to ensure 
ACF. 

• ACF implies that there is no singular excitation in the strong coupling 
phase. This implies that physical states change in this phase. 

The world-volume metric in the conformal- mode dominant phase is given 
by [8, 21, 22] 

9^ = e 24l g^{5\ + th\ + •••), tr(h) = 0, (2.5) 

where W l v is the traceless mode. Note that there is no coupling for the 
conformal mode, 0. 

Of course, there is a strong coupling phase in which the traceless-mode 
coupling becomes strong. We call this phase the traceless-mode dominant 
phase. It is realized near the Planck energy, where we must take into account 
the ordinary strong coupling ingredients, like gravitational instantons [30]. 
In the energy region much below the Planck scale, the Einstein action be- 
comes dominant. This is the classical phase, in which the standard weak- field 
approximation becomes valid. 

The kinetic term and the interaction terms of the conformal mode are 
induced from the measure [22] . In the limit of the vanishing coupling t, only 
the kinetic term remains, and the partition function (2.1) can be equivalently 
re-expressed as 

Z(g) = J [d^UdhUdXUdA^eMilcFT), (2.6) 

where I C ft — S + I t=0 , and S is the induced Wess-Zumino action (the local 
part of the Riegert action [16]) related to the conformal anomaly for G 4 , 

S = J d 4 x^~g {20A 4 + 40} • (2.7) 

Here, V / = ^A 4 is the conformally invariant 4-th order operator given by 

A 4 = D 2 + 2Ri»V i y» ~ l RD + li^R)^^ (2.8) 
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and E4 = G4 — 3CI-R, which satisfies the equation ^—gE± = ^—g^A^+E^) 
concerning the metric g^ v = e^g^. This action is the four- dimensional 
counteraction of the Liouville action (the local part of the Polyakov action [1]) 
for a non-critical string. The coefficient b\ has been calculated as 

1 769 

h x = (N x + 62AM + , (2.9) 

360 V ; 180 V ; 

where N x and Na are the number of scalar fields and gauge fields [13]. 
The last term in (2.9) is the sum of 87/20 [27] and -7/90 [19], which are 
the contributions from the traceless mode and conformal mode, respectively. 
The conformal anomaly coefficients related to C^ uXcr and F^F^, which are 
related to /^-functions, depend on the coupling. Therefore they vanish in the 
limit of vanishing coupling. 

It is worth commenting that the conformal anomaly is physically not an 
anomalous quantity. It is a necessary ingredient to preserve diffeomorphism 
invariance. Now, the metric is a dynamical variable, so that conformal in- 
variance is a part of the diffeomorphism invariance/background- metric inde- 
pendence. Thus, the conformal anomaly is a necessary ingredient to preserve 
conformal invariance itself. 

Lastly, we summarize a problem that we must solve, which is the pur- 
pose of this paper. It is well known that higher- derivative actions introduce 
undesired negative-metric modes, which cannot be removed by gauge symme- 
try. In general, such modes must be removed. However, the negative-metric 
modes in the metric fields are necessary to remove a world-volume singu- 
larity. It is necessary that there exist no singularity in order to resolve the 
unitarity problem in the strong coupling phase, called the 'information loss 
problem'. Therefore, we think that such undesired modes are actually nec- 
essary to formulate a world-volume theory of a non-critical 3-brane, and we 
conjecture that there is a yet unrecognized mechanism to confine them. We 
here assert that this mechanism is conformal invariance. 

3 Canonical Quantization of a Non-critical 3- 
brane on R x S* 3 

Quantum conformal invariance in the conformal- mode dominant phase 
is now manifest, because we integrate the conformal mode exactly over its 
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entire domain without introducing the coupling concerning this mode. Thus, 
the partition function 

Z(g) = / d<pZ(e 2 *g) (3.1) 



satisfies the equation 

/DC fOO 
d( p Z (e 2 ^g) = / d<j>'Z(e 2 f g) = Z(g) (3.2) 
-oo J — OO 

for any local function u; that is, any conformal change of the background- 
metric can be absorbed through a local shift of the conformal mode. Thus, a 
non-critical 3-brane in the conformal-mode dominant phase is described by 
CFT 4 . (For recent developments of CFT 4 see, for example, Refs.[31, 32, 33]). 

To quantize the model, we must specify the background metric, g^ v . Ow- 
ing to the conformal invariance, all models transformed by the conformal 
transformation into each other are equivalent. We here choose the R x S 3 
metric, given by 

ds 2 RxS 3 = —dt 2 + ■ £ f i jdx t dx :i 

= -dt 2 + i (da 2 + dp 2 + d-f 2 + 2 cos pdadj) , (3.3) 

where x % = (a, (3, 7), with i = 1,2,3, are the Euler angles and t is the 
time. Henceforth, we mainly use t to denote the time. The curvatures are 
given by R ^x = Ro/x = 0, Rijki = (liklji - luljk), Rij = ^lij and R = 6. 
Here, we take radius of S* 3 to be unity. Thus, the missing dimensions in the 
expressions given below originate from the radius. The advantages of this 
metric are that mode expansions and canonical commutation relations have 
simple, diagonal forms, and the level of states is parametrized by a single 
number, J, as discussed below. 5 



5 In a flat background, M4 or R x T 3 , the mode expansion of a 4-th order field is given 
by [34] 

{a(p) + itb(p)} +h.c. 



d 3 p 1 



(2tt) 3 / 2 |p|3/2 

where — p). There is an unusual time dependence in the undesired mode, b, which 
does not arise in the case of R x S 3 . The commutation relations have the off-diagonal forms 
[a(p),at(q)] =5 3 (p-q), [a(p),&t(q)] = [6(p),at(q)] - |p|<5 3 (p-q) and [6(p), &t(q)] = 0. 
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3.1 Radiation gauge 

The kinetic term of the traceless mode is invariant under the gauge trans- 
formation defined by 8^h^ v = V M £„ + Vj,£ M — \g i iv^ X ^\- To quantize the 
traceless mode, let us first consider the radiation gauge, in which 

h° = V^o = = 0. (3.4) 

We also use the radiation gauge for the vector field, so that A = VjTL* = 0. 
The combined action of S and I on R x 5 3 in the radiation gauge is given 
by 

Jcft = /^/ 53 ^{-^(9 t 4 -2V 2 9 t 2 + V 4 + 49 t 2 )0 

-hi 3 (d\ - 2V 2 <9 2 + V 4 + 8<9 2 - 4V 2 + 4) h\ 
+h° i (V 2 + 2) (-d 2 t + V 2 - 2) h 0i 
+ix(-9 2 +V 2 -l)x 

+I^(-^ + V 2 -2)A*}, (3.5) 

where V 2 = V*Vj is the Laplacian on 5 3 . 

In the radiation gauge, the fields can be expanded in spherical scalar, vec- 
tor and tensor harmonics on 5 3 , which are the eigenfunctions of the Lapla- 
cian. Because the isometry group on 5 3 is 5*0(4) = SU(2) x SU(2), they 
can be classified using the (Jl, Jr) representations of SU(2) x SU(2), where 
Jl and Jr take integer or half-integer values. 

The scalar harmonics, denoted by Yjm, with J > 0, belong to the (J, J) 
representation of SU(2) x SU(2), which satisfies the eigenequation 

V 2 Yj M = -2J(2J + 2)Y JM , (3.6) 

where M = (m, m') and m, m' = — J, ■ ■ ■ , J. The multiplicity of Yjm is given 
by the product of the left and the right 577(2) multiplicities, so that it is 
totally (2J+ l) 2 . 

The transverse vector harmonics, denoted by Y}, My y with J > | and y = 
± | , belong to the (J+y, J—y) representation. They satisfy the eigenequation 

V 2 Y} (My) = {-2J(2J + 2) + l}Y} (My) , (3.7) 
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where M — (m, m') and 

m = -J-y, -J-y+l,-~,J + y-l, J + y, 

rri = -J + y, -J + y + l,---,J-y-l, J-y. (3.8) 

Thus, the multiplicity is 2 J(2 J + 2) for each sign of y, so that it is totally 
2(2J)(2J + 2). 

The symmetric transverse traceless tensor harmonics of rank 2, denoted 
by y)\ Mx y with J > 1 and x — ±1, belong to the ( J+x, J—x) representation, 
and hence satisfy the eigenequation 

V 2 Y}\ Mx) = {-2J(2J + 2) + 2}y;f Mx) , (3.9) 

where M = (m, to') and 

to = —J — x, — J — x + l,---,J + x — 1, J + x, 
to' = — J + x, — J + x + 1, • • • , J — x — 1, J — x. (3.10) 

Thus, the multiplicity is given by (2 J — 1)(2J + 3) for each sign of x, so that 
it is totally 2(2J - 1)(2 J + 3). 

We wish to make the space of residual gauge symmetry equivalent to 
the space spanned by the conformal Killing vectors on R x S* 3 . The residual 
symmetry space in the radiation gauge (3.4) defined by the equations 5^h° Q = 
<^(Vj/i* ) = ^(Vi/i l 3 -) = includes the vector £ M = (o, f (t)Yy 2( ^ My ^j , where 
f(t) is an arbitrary function of the time. This space is slightly larger than 
the space spanned by the conformal Killing vectors in which f(t) must be 
a constant, which is given in Sect. 4. The extra mode is the lowest mode, 
e \{My)i i n t ne mode expansion of h 01 : 

±(My) (^(Mj/) + EE e J(My)(t) Y J(My) + h.C. (3.11) 

M,y J>lM,y 

From Eq.(3.7), we obtain (V 2 + 2)Y}^ M ^ = 0. Thus, substituting this mode 
expansion into the action, we find that there is no kinetic term for the mode 
ei^My)- Therefore we remove this mode by using the residual gauge symmetry. 
We thus have 

ei {M y) = 0. (3.12) 

We call the radiation gauge with this condition the radiation + gauge. The 
residual symmetry is now equivalent to the space spanned by the conformal 
Killing vectors. 
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3.2 Mode expansions and canonical commutation re- 
lations 

From the gauge fixed action, we can easily obtain the equations of mo- 
tion. The scalar and vector fields are expanded in X ~ e~ tuJt YjM and 
A % ~ e ~ llJjt Yj(My) ■ We then obtain the equations of motion 

{to 2 - (2 J + l) 2 } X = 0, (3.13) 
{uj 2 - (2J+ I) 2 ) A 1 = 0. (3.14) 

Therefore, we obtain uj = ±(2J+ 1) for both the scalar and gauge fields, and 
thus they are expanded as 

X = EE // = + 4e' (2J+ %} , (3.15) 

j>o m \ 2{2J + 1) 



j>o m y2(2J + 1) 

- 4 " = EE ' = W«„> e-" 2 -'*'"^,,,,, + «V»> <= ,(2J+1, '^m„, } ■ 

j>i m,j/ ^2(2J + 1) 

(3.16) 

The fields are normalized such that the canonical commutation relations 
become 



9Ji(Mij/i), ?J 2 (M 2 j/2) 



— ^j 1 j 2 ^m 1 m 2 , (3-17) 

= ^ Ji J2 ^Mi M2 ^3/1 3/2 ' 

(3.18) 



where <5miM 2 = ^mmu^m^ 

For the conformal mode, ~ e~^*YjM, we obtain 

{cu 2 - (2J) 2 } [uj 2 - (2J + 2) 2 } = 0. (3.19) 
Thus, uj = ±2 J, ±(2 J + 2), and the conformal mode is expanded as 

2(q + pt)Y 00 
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2Vh 



+ E E 1 , 1 ? {«jMe-* 2J %M + ai M e i2J *y; M } (3.20) 

j>i u JJ(2J+1) 1 J 



E E 77 1, {^ + % + 4^m} 

j>o m ,/(J+l)(2J+l) L J 
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where loo — ^/y^g 3 ) = v^' Q uan ^ za ^ on can be carried out using the 
standard method of higher- derivative theories. We introduce the new variable 
X = d t (f) and rewrite the action in terms of the variables 0, \i 9t4> an d d t X- 
Then, solving the equation x — <9 t = as a constraint in the Dirac procedure, 
we obtain the commutation relations, 



[q,p] = i, (3.21) 
= $j 1 j 2 8m 1 m 2 , (3.22) 
bj 1 M 1 ,bj 2M2 = —Sj 1 j 2 S Mi m 2 - (3.23) 



Thus, ajM has a positive metric and bjM has a negative metric. 

For the traceless modes, h tj ~ e ~ wt ^]\ Mx ) anc ^ ~ e ^'^/(My)' m the 
radiation + gauge, we obtain 

{to 2 - (2J) 2 } {uj 2 - (2 J + 2) 2 } ^' = 0, (3.24) 
(2J - 1)(2J + 3) {uj 2 - (2J + l) 2 } h° l = 0. (3.25) 

Therefore, u = ±2 J, ±(2J + 2) for h ij and = ±(2J+ 1), J ^ \ for /i 0i , and 
their mode expansions are 

h = 7 2^ 2, / T , T ; 1A \ c J(Mx)e r J(Ma;) + c J(M;c) e r J(Ma;) | 
^ j>im,x yJy^J + 1) 

^S TFT^ tw^* 1 ^ (3-) 

i ,/t (0 i(2J+2)t v ij* \ 

~^ a J(Mx) C I J(Mx)j^ 

= 5 g, £ ; ( 2J - l)(2J 1 + 1)(2J + 3) ^'"V 6 "* 2 ""^' 

+*i,*,) eW+,), ^»,)}- < 3 - 27) 

As in the case of the conformal mode, the quantization of can be carried 
out by introducing the new variable = d t h l * . However, h° l is second order 
in time, and therefore it is not necessary to introduce a new variable for it. 
In this way, we obtain the commutation relations 



c Ji(Mixi) ? C \ 2 (M 2 x 2 ) 



, JiJ 2 $M l M 2 $xiX2i (3.28) 
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dji{M lXl ),dj 2 ^ M2X2) - -5j 1 j 2 5m 1 m 2 Sx 1 x 2 , (3.29) 

e Ji(M iyi ),e\ 2 (M 2 y2)_ = -^JiJ2 S M 1 M 2 Sy 1 y 2 - (3.30) 

Thus, the Cj(Mx) are positive-metric modes, and the dj(Mx) and tj(u y ) are 
negative-metric modes. 

4 Conformal Algebra on R x S* 3 

In this section, we construct conformal charges and their algebra in ex- 
plicit forms. We know that, from the equation (3.2), the conformal variation 
of the partition function with respect to the background metric vanishes. 
Thus, conformal invariance means that 

= 

= j[d<pdhdAdX]^ v5 -j^e iIc ™ + J V* '^[d(f)dhdAdX] s e UcFT 
where f^ u = T^ + t^ and = — j=^*^. Here, is a four-dimensional 



version of the Schwarz derivative, defined in terms of the functional derivative 
of the Riegert action [16] constructed from g, which gives a constant shift b\ 
to the Hamiltonian in the Rx S 3 background [20]. 
Conformal charges are defined by 



Q ( = J s3 dn 3 eT» , (4.2) 

where <if2 3 = d 3 x^f^j and the quantities £ M are conformal Killing vectors on 
R x S 3 which satisfy the equation 

V„6, + v„£„ - ^v A & = 0. (4.3) 

Using Eq.(4.3) and the transverse condition for the stress tensor, V M T Ml/ = 0, 
we can show that the charges are conserved: = — | J s3 df^V 'i^T^i = 0. 

There are 15 conformal Killing vectors on Rx S 3 : time translation, isome- 
tries on S 3 , and special conformal transformations. These are discussed be- 
low. 
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Time translation Time translation is represented by the vector £^ = 
(1,0,0,0). The corresponding charge is the Hamiltonian 

H = f dn 3 f 00 . (4.4) 

Isometries on S* 3 The Killing vectors on S 3 are solutions of Eq.(4.3), 
which are represented by £^ = (0, where V l £^ + V- 7 ^ = and dt£, l R = 0. 
The components £ l R are given by the vector harmonics of J = |, Yy 2 , My y 
Owing to the characteristics of J = |, the vector harmonics can be expressed 
in terms of the scalar harmonics as 

(&W = {Y! M V%n - i^YtjY^} . (4.5) 

Here, we use this expression to define the rotation generators on S* 3 , 

Rmn = / dflsi^C^MNTio- (4.6) 

From the property of the scalar harmonics (A. 11), we can demonstrate the 
relations 

Rmn = —^m^nR-n-m, e M = ( _ l) m m ■ (4.7) 
Thus, only 6 of these generators are independent. 

Special conformal transformations The remaining Killing vectors are 
the 4 + 4 = 8 vectors given by $ c = (f° c , C sc ), 

e sc = yVol(S*)f*YT M , Csc = -yyo\(S 3 )e^Yr M , (4.8) 

and their complex conjugates, which represent the special conformal trans- 
formations. Substituting £g C into the definition (4.2), we obtain the following 
expression for the charge of special conformal transformation: 

Q M = ^Vol(S 3 )P« dn 3 Y? M f 00 , (4.9) 

where pW = |e rf (l-M<9t). The integral over S 3 becomes functions of e ±lt , so 
that selects the e~ lt part and causes the charge to be time- independent. 
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In the following, we will construct these 15 charges, H, Rmn, Qm and 
Qmi explicitly for scalar fields, vector fields, the conformal mode and the 
traceless mode and show that they form the closed algebra [20] defined by 
the following: 

[Qm, Qk] = 26 MN H + 2R MN (4.10) 

and 

[H, Qm] = -Qm, (4.11) 
[H,R M n] = [Qm,Qn]=0, (4.12) 

[Qm,Rm 1 M 2 ] — ^MM 2 Qm 1 — ^M 1 e M 2 ^M-M 1 Q-M 2 i (4-13) 

[Rm 4 m 2 , Rm 3 m 4 ] = ^m 1 m 4 Rm 3 m 2 ~ £m 1 £m 2 5-m 2 m 4 Rm 3 -m 1 

—8m 2 M 3 Rm 1 M 4 + e M 1 ^M 2 S-M 1 M 3 R-M 2 M 4 - (4-14) 

We can rewrite the algebra among the rotation generators (4.14) into 
the familiar form of the SU (2) x SU (2) algebra. Let us parametrize the 4 
representation of SU (2) x SU (2) as 



i ix n _ix / i i 

2'2y'v2' 2j , \ 2'2 



~~)} = (1, 2, 3, 4). (4.15) 



Then we obtain 



Ru — Ra — R23 — R32 — 0, Ru — —R44, R22 — —R33, 
R12 = R34, R13 — R24, R21 = -R43, -R31 = R^2- (4.16) 

Noting that R M n = Rnm and identifying 

A + = -R3I) A_ = i?i 3 = i?3 1; A 3 = -(-R11 + R22), 

B + = R 2 i, B- = Ru = R\i, B 3 = ^(-^n — ^22), (4-17) 

we find that the algebra (4.14) is equivalent to the standard SU(2) x SU(2) 
algebra, i.e., 

[A + ,A_] = 2A 3 , [Aa,A±] = ±A±, 

[B + , B_] = 2B 3 , [B 3 , B ± ] = ±B±, (4.18) 

and A± }3 and B± >3 commute. The charges A± t3 (B± t3 ) act on the left (right) 
SU{2) index of M = (m,m'). 
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4.1 Scalar field 

Let us first construct conformal charges for scalar fields. The energy 
density of the scalar field on R x S 3 is given by 

Too =: \dtXdtX - l -X8 2 t X + ^V 2 (X 2 ) :, (4.19) 

where :: indicates the normal ordering. Substituting this into the definition 
of the conformal charge (4.9) and using the mode expansion (3.15) and the 
property (A. 11), we obtain 



Qm ~ p(+) & R H (2 Jx + ml + 1) L w*^ 

x {-(2Ji + 1)(2J 2 + 1) + (2J 2 + l) 2 - 1} 

X (f/3 r „ w 7 w p-*(2^i+ 2 ^+ 2 )* + /xt ,~J p i(2J 1+ 2J 2 +2)t\ 
X \f J±M±<P J 2 M 2 Z "I" ( fij 1 M 1 ( Pj 2 M 2 t ) 

+ |(2Ji + 1)(2J 2 + 1) + (2J 2 + l) 2 - X - J 

X [V JiM^ j 2 M 2 e + ( Pj 1 M 1 ( PJ2M 2 C" 



,(4.20) 

where ^jm = em^Pj-m and cm is defined in (4.7). Using the SU{2) x SU{2) 
Clebsch-Gordan coefficient of type C, (B.l), and the properties, (B.2) and 
(B.3), we find that only the functions of e ±lt remain. The projection operator, 
p( + \ selects the e~ lt part, and we finally obtain [20] 

Qm = EE C^ iJ+1m J(2J+1)(2J + 2)A MiIPjHm2 , (4.21) 

J>0M lt M 2 ' 2 

where 

1™' 



(j + i)(2j+ i)c7j;; iJ+ , m (4.22) 

We can show that the charge (4.21) satisfies the conformal algebra (4.10) 
with the Hamiltonian 

F=EE( 2J +%Um (4.23) 

J>0 M 
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and the rotation generators on S 3 , in the parametrization (4.15), 

= EE( m + m ^WjM, (4.24) 

J>0 M 

^22 = EE( m - m ') l P t .JM l PJM, (4.25) 
J>0 M 

R 2i = \ E E \/( 2J + 2 " 2 ™') (2 J + ^W. ( 4 -26) 

Z J>0 M 

= \ E E \/( 2 ^ + 2 - 2m) (2 J + HVjm^JM. ( 4 - 2 7) 

^ J>0 M 

where M = (m, m' — 1) and M = (m — 1, m'). 

4.2 Vector field 

The energy density of the gauge field on R x S 3 in the radiation gauge is 
given by 

T 00 =: \d t A%A t - ^(V 2 - 2)A t + \v t (A 3 ^) : . (4.28) 

Substituting this into the definition of the charge (4.9) and using the mode 
expansion (3.16), we obtain the expression 



QM - ~ E E D }(M m ),J+i(M 2? , 2 ) \/( 2J + l )( 2J + 2 %(M 1 y 1 )<ij+\(M 2 y 2 Y 



J>I M!,y!,M 2 ,y2 



(4.29) 

where qj(My) = £M<lj(-My)- The overall negative sign comes from the relation 
Yj(My) = ~ e MYjt y -M y )- The D-coefficient is defined by 

B J(M iyi ),J+±(M 2 y 2 ) = \/ V0l (S 3 ) ^ dfia^lAf^Miyi)^ J+±(M 2j/2 ) 

= / J(2J + 3)C 5m Q2 m ' 

This coefficient is a special case of the general one, ^j^M iyi ),j 2 (M 2 y 2 ) defined 
in Appendix B. For the case J = \ given above, we find that the coefficient 
vanishes in the case that the signs of yi and y 2 are different. 
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The charge (4.29) satisfies the conformal algebra (4.10) with the Hamil- 
tonian 

ff^EE^+^U)^) (4.31) 



J>± M,y 



and the rotation generators 



R n = EE( m + m ')?l(M S )?W, (4.32) 

J>± M,y 

R22 = Y,Y,( m - m ') ( lj(My) ( lJ(My), (4.33) 

J>± M,y 

R^i = ^EEv / ( 2J + 1 - 2m ') ( 2 J - 1 + ^)?Ui)^(iD 

+^EE V(2 J + 3 - 2m') (2 J + 1 + 2^)?J (Jlf _ 1)97(5?- 1(4-34) 



2 J>± M 



-Rsi — 



1 



i E E V ( 2 J + 3 - 2m) (2 J + 1 + 2m)gt g 
4EE V( 2J + 1 - 2m)(2J - 1 + 2m)g* , g J(M _i } (4.35) 
where M = (m, m' — 1) and M = (m — 1, to'). 



4.3 Conformal mode 

The stress tensor for the conformal mode is complicated. On Rx S 3 , the 
energy density is given by 

2h ( 

Too = -t— : |(<9 t W - 28 t <pdU - «9 2 0V 2 + 28 t <pd t V 2 <P + 0«9 2 V 2 

-(V 2 0) 2 - 4(9 t 0) 2 + V 2 (J(d t 0) 2 - ^ - ^V 2 + ^V 2 (0 2 ) 
+^ 2 V 2 0-^V 4 + 4V 2 0}:, (4.36) 
and too = ^2- From this, we obtain [20] 
Q M = (^/2b[ - ipj ai M 
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+ E E C }M 1 ,J+iM 2 { Q; ( J ) a W«J + iM 2 
J>0 M 

+ l(J)^j + i M bj Ml }, (4.37) 

where a JM = e M aj-M, 6jm = e M bj-M and 

a(J) = ^27(27 + 2), 

/3(J) = -v/(2J+l)(2J + 3), (4.38) 
7 (J) = 1. 

We can show that the charge satisfies the conformal algebra (4.10). When 
we evaluate the commutator [Qm,Qn], the crossing relation 

E { €M ^ C J-\-M 1 ,JS eM ^ C JS,J+\-M 2 ~ C J+±M 2 ,JS C JS,J-±M 1 ] = ' ( 4 - 39 ) 

which is a special case of (C.12), is useful to show that the off-diagonal 
parts, a% and tfa, vanish. The diagonal parts, a)a and b^b, produce the 
Hamiltonian H and the rotation generators Rmn- The Hamiltonian is given 
by 

H = \f + h + £ £ {2 j4 M a JM - (2 J + 2)6* M & JM } , (4.40) 

Z J>0 M 

where the constant shift b\ comes from t o- The explicit forms of the rotation 
generators are given in Appendix E. 

4.4 Traceless mode 

Let us determine the conformal charges in the traceless-mode sector. In 
this case, the Hamiltonian is easily derived from the action as 

H = E E { 2Jct J(MxfJ(Mx) ~ (2 J + 2)d] J{Mx) d J{ Mx)} 
J>1 M,x 

"EE^+^V/W. (4.41) 

J>1 M,y 

However, the traceless mode is too complicated to derive an expression of 
the charge Qm directly from the definition. Here we determine it indirectly. 
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Our strategy is to assume the form of Qm and then determine it by 
imposing the condition that it satisfies the conformal algebra. Due to the 
properties that Q M belongs to the 4 representation of SU(2) x SU(2) and 
the relation [H, Q M ] = —Qm, the general form is given by 

Qm = E ^](Mr^),J+^(M 2 x 2 ){ a ^ C \M 1 x 1 ) C J+\(M 2 x 2 ) 

J>1 Mi,xi,M 2 ,x 2 

) a J+^(M 2 x 2 ) 
+l(-J)c\ + i ( M 2X2) d J(M 1 x 1 )} 

+ E E 1 - 1 -J(M 1 x 1 );J(M 2 y 2 ) 

{A(J) C J(M 1 xi) e J{M 2 y 2 ) 

J>1 M 1 ,x 1 ,M 2 ,y 2 

+B(J)e\ iM2y2) dj { M lxl )} 

+ E E B ^M 1 y 1 ),J+HM 2 y 2 ) C ^ J "> e ' t J(Miyi) e J+^M 2 y 2 )i^ A2 ) 
J>1 Afi,j/i,M 2 ,j/ 2 

where Cj( M:r ) = e M Cj{-Mx), dj{Mx) = e udj(-Mx) and ej( My ) = ^m^j{-m v )- 
Here we use the same notation for the coefficients, a, /3 and 7, as in the 
conformal-mode sector. For the time being, we take them to be arbitrary 
functions. Below, we show that they are the same as (4.38). 

The SU (2) x SU (2) Clebsch-Gordan coefficients of type D are given in 
(4.30). The E coefficient is given by the following form: 

E j{m 1x1 ),j+±(m 2 x 2 ) = yJ Vol (S 3 ) J s3 d tt3Y? M Y} J {MiXi) Y ijJ+ i {M2X2) 

= J(2J-1)(J + 2)C\™ ^ CY , r+i ,-(4.43) 

V v /v ' J+nmi,J+j+i2m2 J —x\m 1 ,J+ 2 —x 2 m 2 v ' 

The H coefficient is given by 

h j(m 1 x 1 ) ; j(m 2?/2 ) = y/Vo^S 3 ) J d^l z Yi M Yy^ MiXi) i7iYjj^ M2V2 ) 

= -y/{2J - 1)(2J + 3)C7j" imi>J+WfBa C7^ lfnl , J _ I)arni ■ (4.44) 

These coefficients are special cases of the general ones, Ej^ MiJ;i j j 2 (m 2 x 2 ) an d 
^■JiOWixi)-J2(M2jftj)' defined i n Appendix B. For smaller values of J, as given 
above, we can show that they vanish in the cases that the signs of X\ and 

-M 

x 2 {y 2 ) are different, and also that il} 1 (M 1 x 1 y,j 2 (M 2 y 2 ) K <W 2 - 
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Let us calculate the commutator of Qm and Q* N . We obtain the following 
form: 

[Qm,qU 
= EE E 

J M 1 ,x 1 M 2 ,x 2 

\ JV (M 1 x 1 ),{M 2 x 2 ) C J{M 1 x 1 ) C J{M2X2) 1 (M 1 x 1 ),(M 2 X2) a J(M 1 x 1 ) a J(M2X 2 ) 

j_ 7 M,N A y N,M , f \ 

+ Zj (M 1 x 1 ),(M 2 X2) a j-l(M 1 x 1 ) C J+ 2 -(M2X 2 ) + ^(Mia : i),(M2a ; 2) a J-5(i^ia ; i) C J+I(M 2 X2) J 

+E E E 

J Mi,m M 2 ,y 2 

( TT M,N t j rr AT,M f 

\ t; (M 1 x 1 );(M 2?/2 ) C J+i(Mixi) e J(M 2?/2 ) + ^MiXiMMa^Cj+KM^i) 6 ^^^) 
+ K (Mi2;i);(M 2 j/ 2 ) a j(Mizi) e J+i(M 2?/2 ) + V (M 1 x 1 );(M2y2) aj ( M i x i) e j+ \ (M 2 y 2 ) J 



~E E E W (M iyi ),(M 2 y 2 ) e J(M lxl ) e J(M 2 y2)^ (4.45) 
J Mi ,2/1 M 2 ,3/2 



where 



2 JV 



= E{ a ( J ) 2e MiE} ( _ MiXi)J+ i (T;c) eM2E J+ i (T;c)iJ( _ M2:r2) 

V 2/ " , (M2X 2 ),J-i(Tx) Jjj J-i(Tx),J(M 1 a ; i) 

~ 7 V ~ V J{-M^),J-\{Tx) eM ^J-\{Tx),J{-M 2X2 )} 
~ E M J ) 2e Mi'^ 2 J{-M 1 x l );J{Vy) e M2 i ^'j{-M 2 X2);J{Vyy ( 4 " 46 ) 

1 (Afixi),(M 2 X2) 

= El' 9 ( J ) 2e M 1 E^ i e M2 E^i 



T,x 



,J(-M 1 x 1 ),J+±(Txy lvI 2~J+±(Tx),J(-M 2 X2) 

V 2/ J(M 2 x 2 ),J-±(Tx)- Cj .7-A(Tx),.7(Mixi) 

^ ^J(M 2 X2),J+±(Tx)^J+±(Tx),./(Mixi) f 
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B {J) 2 ^J(M 2 x 2 );J{Vy)^ 2 J(M 1 x 1 );J{Vy)^ ( 4 ' 47 ) 

V,y 



7 M,N 

/j (M 1 x 1 )XM 2 x 2 ) 



{( 1 \ -M - 

_/? V ~ 2 J ^^^J-^M^JiTxf^j^j+i^M^) 



TI M,N 

° (M 1 x 1 );(M 2 y 2 ) 



2 N 



~ J2) '>(./).l(./)K; _ , ; ,. ; /:/ ,. H./ ,7 ,:./, W,, /2 ) 

-7(J) J B(J)e M2 H} (T;E) . J( _ M22/2) e Ml E} (T;c) )J+ i ( _ Mixi) 

(J+ e M2 D^ M2y2)iJ+ , ( ^ eMl H^ ( _ Mixi);J+ ^. )4 9) 



(Afixi);(M2j/2) 



- E{-^( J ) 5 ( J+ 2) 6M i E J(-M i:r O^+i(Tx) e ^ H }+i(rx);J+i(-M 22/2 ) 

-7( J)i4 (j + H* + i (Tx) . J+ i (Jtf2K2) E* + i (Ta . )jJ(Jltfixi) | 
+ E^(^5(^D^ (M2y2)iJ(yy) H3f Mi , i);J( ^, (4.50) 

VV (M iyi ),(M 2 y 2 ) 

= Y.) C ( J ) 2e M 1 V 2 f mmYJ+ i (Vv) eM 2 Vj+ h 



V,y 



J(-M iyi ),J+hVyy M ^ J+HVy),J(-M 2 y 2 ) 



1 



-C J-- D 



2 



j(M 22/2 ),j-i(F 2 /) D j-i(y 2 /),j(Mi ! /i) 



+ ^(^) 2e MiHj (Tx);J( _ Miyi) eM 2 Hj (T:r);J( _ M2y2) 

+A(jy 

'"-J{Tx);J(M 2 y 2 )"-J(Txy,J(M iyi ) }• (4.51) 

In order for the r.h.s. of the commutator (4.45) to form the Hamiltonian 
and the rotation generators, the off-diagonal parts, Z, U and V, must vanish. 
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To make Z vanish, the crossing relation 



Z^\ tM i I1J J-l(-M 1 x 1 ),J(Txf M 2 I2j J(Tx),J+^(-M 2 X2) 

T,x 

_E J+i(M 2 X2),J(Tx) E J(Tx),J-|(Mixi)} =0 ( 4 - 52 ) 

is useful. This is a special case of (C.14). We can make Z vanish if the 
following relation is satisfied: 

<*{Jh(j-l)=-p(j-l)'Y{J). (4.53) 
To make U vanish, we use the crossing relation 



Z^\ rj J+l(M 1 x 1 ),J(Tx) n -J 

T,x 



N 

) y )(Tx) 3 - 3 -J{Tx);J{M 2 y2) 



1 -M -N ~| 

+ ^ eM 2 U J(Txy,J(-M 2 y2) eM ^~ E J(Tx),J+±(-M 1 x 1 ) J 

I (2J-1)(2J+1) IM " IN 

^ (2j)2 Z^ tM 2 L 'j(-M 292 ),j+i(y !/ ) tM i n ;+i(-M 1 i 1 );j+|(v !/ ) 

v ) V,y 

= 0. (4.54) 

This equation is obtained by removing the H • D terms from Eqs. (C.16) and 
(C.18). From this, we obtain the relations 

jja(J)A(J) = -y(J)B(J), (4.55) 
(2J-1)(2J + 1) , n ., n ^ii\a(i 1 



a{J)A{J) = C(J)A^J + ~y (4.56) 



(2Jf 

For V = 0, we use a slightly different crossing relation, 

2^|e Ml ^ J( _ MiXi))J+ i (Tx) eM 2 tt J+ i (T;c) . J+ i ( _ M2?/2) 

- -M -N 1 

TJ2™ "pa l 

" X1 ' ' ' ! " '^./- i;V»../i.\/ l .r;)/ 



2 J + 3 J+i(Tx);J+i(M 2 j/ 2 ) J+§(Tx),J(Mixi), 

(2J + 2)(2J + 4) 1m liv 

(2J + 3) 2 ^ J+§(Af 2OT ),J(Vy) X1 J(^ixi);J(Vi/) - u - ^- 'J 
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From this, we obtain the relations 

1 P(J)B 

P(J)B 



2J + 3 
(2J + 2)(2J + 4) 

(2J + 3) 2 



J + 



= -i{J)a(j+\ 

-C{J)B{J). 



(4.58) 
(4.59) 



The solution of the equations (4.53), (4.55), (4.56), (4.58) and (4.59) is 
not unique, as the signs of 7, A and B are indefinite. Although these signs are 
intrinsically fixed when we determine the mode expansions (3.26) and (3.27), 
such information is lost when we assume the form of Qm, because they change 
sign when the signs of the modes are changed, i.e., cj(mx) —> —cj(Mx), and so 
on. We here fix the convention by choosing 7 > 0. Then, A and B have the 
same sign, and we take A, B > 0. Also, the signs of a, (3 and C are related 
to the metric of the modes cj(Mx), dj^Mx) and ej(My)- Thus, a and (3 must be 
positive and negative, respectively. Because of the negative metric of e.j(M y ) 
and the sign factor of the relation Y*^ My ^ = —cmY}^^, C is positive. 

From Eqs.(4.53), (4.55) and (4.58), we obtain, in the convention men- 
tioned above, 




3)7(A 



(4.60) 



From Eqs.(4.56) 
A 



2J + 2 

(4.59) and (4.60), we obtain the recursion relation 



J + 



(2J- l)(2J+l)(2J + 3) 



A(jy 



(4.61) 



(2J) 2 (2J + 4) 

By solving this equation and substituting the result into Eqs.(4.60) and 
(4.56), we obtain 



A(J) 
B(J) 

C(J) 



2J 



(2J- l)(2J + 3) 



2J + 2 



(2J- l)(2J + 3) 



A. 



(4.62) 



(2J - 1)(2J + 1)(2 J + 2)(2 J + 4) 
2J(2J + 3) 
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where A is a positive constant. The quantities A and 7 (J) are fixed by the 
condition that the diagonal parts, X, Y and W, produce H and Rmn in 
the normalization (4.10) when substituting the values (4.60) and (4.62) into 
them. Then, we finally obtain 

7 (J) = 1, A = y/2. (4.63) 

Here, note that C(J) is different from the factor ^ (2 J + 1)(2 J + 2) for vector 
fields. Specifically, C(J) vanishes at J = \. This is a consequence of the 
radiation + gauge. 



5 Physical States in a Non-critical 3-brane 

In this section, we discuss physical states in a non-critical 3-brane. We 
first introduce a conformally invariant vacuum for which all charges vanish. 
This is uniquely given by \Q) = e~^ 9 \0) = e - 2fel< ^ =ioo )|0), where |0) is the 
standard Fock vacuum that vanishes when annihilation operators act. The 
correction term denotes the background charge. 6 The physical states are 
spanned by the Fock space generated on the conformally invariant vacuum 
satisfying the conditions 7 

Q M |phys)=0 (5.1) 

and 

#|phys> = 4|phys), i? M Jv|phys) = 0, (5.2) 

where 4 denotes the number of dimensions of the world-volume. 8 As in 
the Gupta-Bleuler procedure, we do not impose a condition concerning Q^ M . 
Thus, in order to construct physical states, we must find creation operators 
that commute with the charges Qm- 

6 In the Euclidean space, we can 

read the background charge as exp(— J y/gG^cfio) — exp(— 26ix</>o) from the Wess- 
Zumino action, S, where </>o is the zero mode of the conformal mode and x = 2 is the 
Euler number. Now, the background charges are assigned at the in- and out-conformally 
invariant vacuums. 

7 The "weak" conditions employed in Ref.[20] are too strong to define physical states. 

8 This originates in the ghost sector concerning the residual gauge symmetry. In contrast 
to the be ghosts in a non-critical string, it is a quantum mechanical system with a finite 
number of degrees of freedom. 
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Physical states can be decomposed into four sectors: scalar fields, vector 
fields, the traceless mode and the conformal mode. Each sector is an eigen- 
state of the Hamiltonian that satisfies the condition (5.1). The conditions 
(5.2) are imposed last, after combining all sectors by adjusting the zero-mode 
value of the conformal mode. In this paper, we briefly discuss the scalar field 
sector and the traceless-mode sector. Detailed arguments on the classifica- 
tion of physical states for the other sectors as well as these sectors are given 
in Ref.[35]. 

We seek creation operators that commute with Qm- Such operators pro- 
vide building blocks of physical states. Let us first calculate the commutators 
between Qm and the creation modes. Here, we first consider the scalar field 
sector. The commutator of Qm and y5j M is given by 

[Qm,^mJ = V /2J ( 2J + 1 )E^ 1 cJf MiiJ , # (5 .3) 



M 2 



Thus, only (p\ commutes with Qm- 

Consider the operator with the level H = 2 J + 2, 

fct / T\ v" V f( J ' K ) c j 3 m 3 ~t ~t 

VjsMsiJ) ~ 2^ 2^ i =——— ^j-km 1 ,km 2 'Pj-km 1 1 Pkm 2 , 
k=o M\,m 2 y{*J — 2K + 1){2K + 1) 



where <£>jm = cm&j-m- The commutator of Qm and &j 3 m 3 is calculated as 



[Qm,&j 3 M 3 (J)\ = E E ^J-K-lM^KM, 



x Er/(-/-A)J^^^C^_, MiiJ _,_ 5 CnVM 2 (5-5) 



s 



+f (j, K + -) 2 J ^ esC i,Ar + i-s C J+|s,j-K-iM 1 /- 

Using the crossing relation (C.ll), we can make the r.h.s. vanish if and only 
if J3 = J is an integer and /(J, K) satisfies the recursion relation 
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Solving this recursion relation, we obtain 



fUK) 



\2K 



2J 
2K 



(5.7) 



up to the J-dependent normalization. Hereafter, we express & JM (J) with 
(5.7) as If we impose Z 2 symmetry, X <-> —X, the operator (<^oo) ra with 

odd n is excluded, while that with even n is generated from $g = (y?oo) 2 - 

The operator commuting with the rotation generators, Rmn, is obtained 
by contracting all indices of multiplicity M = (m,m'), using the SU(2) x 
577(2) Clebsch-Gordan coefficients of type C. Thus, the scalar field sector 
of physical states is, for example, constructed as 



E* 

M 



E C J?M?,J2M2*J 3 M3*JiMi*J2M 2 l^)! ( 5 - 8 ) 

M 1 ,M 2 ,M3 



and so on. In this way, we can construct an infinite number of states. Be- 
cause of the factorization property of the SU(2) x 577(2) Clebsch-Gordan 
coefficients, a general state is factorized into a combination of the operators 
$j M . Thus, these $j M provide building blocks of the scalar field sector. 

Next, consider the traceless mode sector. The commutators between Q M 
and the creation modes are given by 



Qm, c J(Mixi) 



a J 



O J 2^ eAf l J1, J(-MiXl),J-i(Af2X2) C J-i(Af2X2)' 
M2,X2 



Qm, d 



J(M lXl )\ 



-l{J) E 

M 2 ,x 2 



J{-M 1X1 ),J+UM2X2) j+Um 2 x 2 ) 



e -^i J1, J(-Mixi),J-i(M2X 2 ) Cf J-i(M2X2) 

M 2 ,x 2 



M 



Qm, £j(M iyi ) 



B {J) E ^iHjt-M^OlJ^w) 6 ^-:'.,,.- 
M 2 ,y 2 

e Mi -H ,7(^2x2); J(—Mi2/i) c J(M2X2) 

M 2 ,x 2 

r 



(5.9) 



-C (J - 



kM 



E e M 1 'Dj ( _ 



M2,V2 



J(-M iyi ),J-±(M2y 2 ) J-UM2V2Y 



This is one of the most important conclusions of this paper. It is worth 
commenting that the only creation mode that commutes with Qm is c\^ Mx y 
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No negative-metric modes, & and e\ commute with Qm- All of them are 
related to the positive-metric mode through the charge Qm- This implies 
that these negative-metric modes are no longer independent physical modes 
under the physical state condition Q M = 0. Physical states are generated by 
particular combinations of the positive-metric and negative-metric creation 
modes. Thus, we believe that conformal invariance is a mechanism that 
confines ghosts. 

Let us now look for creation operators that commute with Qm- There 
are only two series for such operatos of level 2 J with the index of the scalar 
harmonic. We omit the derivation here. The results are as follows: 

£\ jm = y- X ( J > K ^ 

K=l Mi, xi M 2 ,x 2 y/(2J-2K + l)(2K + l) 

X ^ J J-K(M 1 x 1 ),K{M2,X2)^J-K{M 1 x 1 )^K{M 2 X2) (5.10) 

for J > 2, with integer J, and 

A-im = EE E X(J ' K) 



K=l Mi,xi M 2 ,x 2 y (2 J — 2K + 1)(2_K" + 1) 

^ rj J~K(M 1 x 1 ),K(M2,x 2 ) C J-K(M 1 x 1 ) c K(M 2 X2) 



K=iMi fl m 2 ,x 2 v(2J — 2fT — l)(2if + 1 

(Mixi),^! 
W(J,X) 



xF /-lM Tf ~f 

A ^J-K-l(Mixi),K(M 2 ,x 2 ) U J-^-l(Mixi) C if(M 2 :r 2 ) 



a:=imi,xi M 2 ,y 2 v(2J — 2fT)(2i ; r + 1) 



ttJ-IM ~f ~t 

J-K-\(M x x x )-,K(M2,y2) J-K-\{Mxx x yK{M2y2) 



+ E E E " w '° 



x=i Mi,j/i m 2 ,j/ 2 Y / (2J — 2.K" — l)(2fT + 1) 

><Dj_]^l(M 1 y 1 ),^(M 2 ,y 2 )ej-^-l(Af lW ) e A-(Af 2 j /2 )(5-ll) 

for J > 2, with integer J, where 



x(J,K) = (-l) 



2K 



\ 



2 J \ / 2J-2 
2K 2fT - 1 
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y(J,K) 



2{2J-2K- l)x(J,K), 



(5.12) 



w(J,K) 



■ (2J - 2K - 1)(2J - 2K) 
\ 2K{2K- l){2K + 3) 



x(J,K), 



v(J,K) 



(2K - 1)(2K + 1)(2J -2K - 3)(2J - 2K - 1) 
(2AT + 3)(2J-2A:+ 1) 



x f J, X + I) . 



There are other operators with the index of the tensor harmonics up to 
rank 4 [35]. These operators, along with c\, M s, provide building blocks of the 
traceless mode sector. As discussed above, the operator that commutes with 
the rotation generators Rmn are obtained by contracting all indices of multi- 
plicity M = (m, m') and x and y, using the SU (2) x SU (2) Clebsch-Gordan 
coefficients. The results are encouraging, because the creation operator in- 
cluding the negative-metric modes, -4j_im> has the advantageous feature 
that the top term with the largest multiplicity is given by the positive-metric 
modes, c'c'. This term may give the greatest contribution to the norm, and 
therefore it is expected to be positive. 

Finally, we briefly discuss the conformal mode sector, which must be 
managed separately, because of the existence of the zero mode. Here we 
consider the state that depends only on the conformal mode, e ip ^\Q). The 
Hamiltonian condition in (5.2) gives the equation \{p + i\/2b\) 1 + b\ — 4, so 

that p has the purely imaginary value —i^^= with a = 2b\ [\ — ^Jl — -j^j , 
where the fact that b\ > 4 is used and the solution that a approaches 4 in 
the classical limit b\ — > oo is selected. This state, expressed by e a<t>lyt=lco ^\Vt) , 
is identified with the cosmological constant. As in the case of non-critical 
strings, the conformal mode sector is not normalizable. This implies that the 
partition function is given by a grand canonical ensemble, namely dynamical 
triangulation [36]. Now, the chemical potential to stabilize the partition 
function is the cosmological constant. Thus, the divergence of the norm in the 
conformal mode sector is due to the fact that we do not consider a suppression 
factor of the cosmological constant. The other three sectors are normalizable, 
and they are regarded as propagation modes on four-dimensional random 
surfaces. 
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6 Conclusions 



In this paper we proposed a world-volume model of a non-critical 3-brane. 
As in the case of a non-critical string, the kinetic term of the conformal mode 
is induced from the measure as the Wess-Zumino action related to the confor- 
mal anomaly. We investigated the world-volume dynamics of this model in 
the strong coupling phase, called the conformal-mode dominant phase, where 
the conformal mode fluctuates greatly. We treated the conformal mode non- 
perturbatively. The model possesses exact conformal invariance and can be 
described by CFT 4 . We canonically quantized the model coupled to scalar 
fields and vector fields on the Rx S 3 background. If coupled to M = 4 SYM 4 , 
this model can be regarded as a world-volume model of a D3-brane. 

In order to define the world-volume dynamics, we introduced the Weyl 
action, which is necessary not only to make the model renormalizable but also 
to remove the world- volume singularity, as discussed in Sect.l. The existence 
of no singularity implies that standard point-like excitations are forbidden 
quantum mechanically, because they are essentially black holes in the strong 
coupling phase of gravity. We claimed that the Weyl action is necessary to 
solve the information loss problem, even though it introduces negative-metric 
modes. Furthermore, there is an advantage of the Weyl action, namely, that 
inflation is induced by (dynamical) scales [37, 38, 39]. 

We showed that conformal invariance plays an important role in determin- 
ing physical states in the conformal-mode dominant phase. We constructed 
conformal charges and a conformal algebra and determined physical state 
conditions. We found that all negative-metric modes are related to positive- 
metric modes through the conformal charges, and therefore negative-metric 
modes are themselves not independent physical modes. Physical states sat- 
isfying the conformal invariance conditions are given by particular combina- 
tions of positive-metric and negative-metric modes. Some definite forms of 
them were constructed. 
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A Spherical Tensor Harmonics on S* 3 



In this appendix, we construct practical forms of symmetric transverse 
traceless (ST 2 ) tensor harmonics on S* 3 of arbitrary rank. The general ar- 
gument is given in Ref.[40]. Here, we use the peculiar property that the 
isometry group on S 3 is SO (4) = SU(2) x SU(2). The ST 2 tensor harmonics 
can be classified according to the representations of SU(2) x SU(2). 

The ST 2 tensor harmonics of rank n, denoted by Y'j^m™^-, belong to the 
(J + e n , J — e n ) representation of SU(2) x SU(2) for each sign of e n = ±|, 
which are the eigenfunctions of the Laplacian on S 3 , 

V 2 Y}\ M l } = {-2J(2J + 2) + n}y}fr&), (A.l) 

where V 2 = V l Vj. The quantity J (> |) takes integer or half-integer values. 
M = (to, to') represents the multiplicity, which take the values 

to = -J-e n , - J - e n + 1, • • • , J + e n - 1, J + e n , 

to' = -J + e n , - J + e n + 1, • • • , J - e n - 1, J — e n . (A. 2) 

The multiplicity of the ST 2 tensor harmonic of rank n is given by the product 
of the left and right SU{2) multiplicities, (2( J + e n ) + 1)(2( J - e n ) + 1), for 
each sign of e n = ±|, and thus it is totally 2(2 J + n + 1)(2J — n + 1) for 
n > 1. For n = 0, the multiplicity is given by (2J + l) 2 . 

In order to construct explicit forms of ST 2 tensor harmonics on S* 3 , we 
have to specify the coordinate system. Here we introduce two coordinate 
systems on R A . One is the Cartesian coordinate by x^, with p, — 0,1, 2, 3, and 
the other is the spherical polar coordinate system, denoted by 
with i = 1,2,3 and x° = r = (x^x^) 1 / 2 . The metrics in these coordinates 
take the forms 

dsRi = bp i ydx^'dx v = g^ u dx^dx u , (A. 3) 

where 

<M = ( I r 4 (j ) , (A.4) 

and 7jj is the metric on the unit S 3 . The only nonzero Christoffel symbols 
for the metric g^ v are 

r°j = -r%, T l 0j = F l j0 = -5^, T l jk = T l jk , (A. 5) 
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where f * fc is the Christoffel symbol constructed from the 7^. 

We here use the Euler angle parametrization x % = (a, (3, 7), with i 
1, 2, 3, on S 3 . In this parametrization, the metric takes the form 

1 cos/5 

1 I , (A.6) 




where a, [3 and 7 have the ranges [0, 2ir], [0, n] and [0, 47r], respectively. The 
volume element on the unit S* 3 is 

dQ 3 = dx 3 ^ = ^ sin (3dad(3d^, (A. 7) 

and the volume is Vo^S* 3 ) = 2n 2 . The Christoffel symbols Y l jk = Y l kj are 



(A.8) 



fp = 

0:7 


^sin/3, 


■pa 

1 a/3 — 


N/3 - 2 


f 7 — 
1 a/3 — 


■pa 

i /37 ~ 



2sin/3 

The relation between the two coordinate systems x' 1 and x^ = (r, a, /3, 7) is 
given by 

P !/ N 

x = r cos — cos - (a + 7 , 

2 2 V y 

x = r sin — sin -la — 7), 
2 2 

2 ■ P 1/ N 

x = — r sin — cos -(a — 7), 
2 2 

x 3 = — r cos ^ sin -(a + 7). (A. 9) 

The ST 2 tensor harmonics on S* 3 can be constructed by restricting to 
S* 3 tensors on R 4 . We first construct scalar harmonics. Some important 
formulae to define ST 2 tensors of higher rank are introduced here. Then, we 
construct higher rank tensors. 
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Scalar harmonics The scalar harmonics on S* 3 , denoted by Yjm-, which 
satisfy the equation V 2 1jm = —2.1(2.1 + 2) Yjm, belong to the (J, J) repre- 
sentation of the isometry group SU(2) x SU(2). It is well known that the 
the Wigner D function D^ m ,(i') in the Euler angle parametrization is an 
eigenfunction of the Laplacian on S* 3 . Thus, the scalar harmonics Yjm on 
S 3 can be expressed in terms of the Wigner D function, where M = (m, m!) 
and m — — J, • • • , J, m! — — J, • • • , J. If we fix the normalization as 



dn 3 Y} iMl Yj 2 M 2 — 5j 1 J 2 5m 1 M 2 , ^MiM 2 — ^m 1 m 2 ^m[m 2 , (A. 10) 

S 3 



we obtain 



2J+1 . 



Yjm - y Vol(S ,3 )^ >mm '' ^ J * M ~~ eM ^ / - M ' (A- 11 ) 



where cm = (— l) m ~ m . 

The Wigner D-function/scalar harmonics can be constructed if we imbed 
S* 3 into the four-dimensional Euclidean space R 4 . Let Tp 1 ...p n be a symmet- 
ric traceless rank-n tensor on R 4 whose components are constant. Then, 
the Wigner D function can be expressed in terms of a polynomial in the 
coordinates x^: 

D m rri = ~^2J X ^ X ' ' ' i T fii-ji 2 j)mm' , (A. 12) 

r = ( x t x _y/^ (A.i3) 

From the second equation in (A. 11), Tp 1 ...p n satisfies 

{jp-i- -fin) mm' = ^M( T p, 1 -p, n )-m-m' ■ (A- 14) 

The tensor r fll ...p n is used to define the ST 2 spherical tensor harmonics of 
rank n below. Here we give the explicit form of Tp. The Wigner D function 
for J = \ is given by 

i / rcos |e _ 5( a+ i') - r sin fe~^ Q ~ 7 ) \ / x 5 + ix B x 2 + ix 1 \ 

2 2 



mm ' 1 rsinlei^) rcos|e4(«+T) j I -a; 2 + ix 1 -° - - 3 



x — ur 
(A.15) 

where m,m' = |, — |. This is identified with x^(r M ) mm /, so that we obtain 

• i 1 : l , / ^ i i! ;.. i . r ^ i 1 i . 







(A.16) 
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where the (1,1) compornents are (t m )i i. 
For J = 1, the Wigner D function is 



/ l+cos/3 p -i(a+y) sin/3 p -ia 1— cos/? „— j(g— -y) \ 

/ 9 C ,/9 C 9 C \ 



ni = 

mm' 



os/3 pi(a-y) srn/3 j a l+cos/3 - 

V 2 C v/2 C 2 C / 



, (A.17) 



where m, m' = 1, 0, —1. From this expression, we can easily obtain (r^) mm /. 

For later use, we here give some important formulae satisfied by and 
r^p. From the normalization of the scalar harmonics, we obtain the expression 



/ d^y^ (A.i8) 

j S 3 

2 7+1/" 1 _ 

= / r/Q„ r W . . . r MJ r "i . . . r "2J( T _ _ )* ,( T _ _ ) 

Vol(S 3 ) Js 3 r 4J \'Vl-V2j)m 1 m' 1 \'vi-V2j)m 2 m' 2 - 

For J = \ and J = 1, using the integral formulae 

/ dtt^x 9 = -s* p [ dn 3 x 2 = r2Vol (^ 3 ) ^p / A _ 19 n 

Js 3 4 .As 3 4 

f <Kl 3 x ii x i> x x af = 1 —^^1(5' 1D S^ + 8i*8 PS + S^S px ), (A.20) 
j s 3 24 

we obtain the equations 

(^l^m'^iilmjm^ =25 MlMa , (A.21) 
( r ^)m 1 m' 1 ( T /ip)m2^ = 4<5 Ml M 2 - (A.22) 

Furthermore, using the C coefficient calculated in the next section, we 
obtain the equations 

( T p,)m 1 m' 1 ( Tp '' / )mm'(Tp)m 2m i 2 = 2a/3C^ i ^ . (A. 23) 

As a variant of these equations, using Y,mm'( Tp ') m m'( TU )rnm' = 25^, we obtain 
- >/3 

(Onwi^T Z C |mi IjVf 2 ( r/1 )mim' 1 (^) m2 m^ (A.24) 
Z M!,M 2 
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In this way, higher rank tensors can be constructed from compositions of the 
tensors . 

Finally, we give the important equation for the scalar harmonic with 

j — I 
■j 2 , 

VWi M = \l ij V 2 Y, M = -t*Yi m . (A.25) 

Vector harmonics Combining the scalar harmonics, the Clebsch-Gordan 
coefficients and r' 1 , we construct the vector harmonise on S 3 , in the Cartesian 
coordinate system on R 4 , as 

rfUo = E C Jn y £ C j7£' Y MT%s> , (A.26) 



N,S 



where N = (n,ri), S = (s, s') and y = ±\. Using Eqs.(A.IO), (A.21) and 
(D.2), we can show that these harmonics satisfy the normalization 

j s3 d ^ Y j*{M lvl ) Y fiJ2{M 2 y 2 ) = ^AJ^M-lM^vmi (A.27) 

and, from the relations (A. 11), (A. 14) and (D.l), we have 

Y J(My) = ~ € MYj(_ My y (A.28) 

Furthermore, using the equation x^{rp) ss i = r ^^'^ Yig and the property 
of the D function given in (D.7), we obtain 



*>Y? im = E C]:TC]-Jp JN Y ¥ = 0. (A.29) 



This implies that, when going to spherical polar coordinates on R 4 , the r = x° 
component of Yj^ My ^ vanishes. Thus, using the relation Y&Yp = Y^Y^ = 
■^Y l Yi, the normalization is equivalent to 

/ dn 3 Y}*( Miy ^Y ij2 ( M2y2 ) = 5j 1 j 2 5 Ml M 2 8y l y2- (A.30) 

We can also show that Y}, My \ satisfies the transverse condition, ViY}i My \ = 0. 
By differentiating Eq.(A.29), we obtain the expression 

Y J(My) = ~ X \^Y^ My y (A.31) 
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From this, we find that dp_Y^ = -\xyUY x oc x~ x Y x = 0. Thus, dpY^ 



= = 0. 

Using the relation between the two coordinate systems, 

Q x p. 



Y, 



fxJ(My) 



dx^ 



-Y 



(A.32) 



we can obtain explicit forms of the vector harmonics in spherical polar coor- 
dinates. As mentioned above, the radial component vanishes, 



Y T J(My) — 0, 

where y = ±|. The angular components of y — \ are 



(A.33) 



Y 



Y, 



7 J(Mi) 



2V2\ 



(2J + 2m + 1)(2J - 2m + 1) j-i 
(2 J + i)Vol(S 3 ) 



1 



v/2(2J+l)sin/3\ m ^ "~ (2J + l)Vol(S 3 ) 



(2J + 2m' + 1)(2J - 2m' + 1) n j+i 



-m 



\ 



(2 J + 2m + 1)(2 J - 2m + 1) ^j- 1 



(2J+ l)Vol(S 3 ) 



2v^\ 



(2 J + 2m' + 1)(2 J - 2m' + 1) n j+i 



(2 J + l)Vol(S 3 ) 



and those of y = — \ are 



(A.34) 



Y, 



/3J(M-i) 



2v/2\ 



(2J + 2m + 1)(2 J - 2m + 1) j+i 
(2 J + l)Vol(5' 3 ) 

i r 



V2(2J+l)sin/3\ m ^ (2J+l)Vol(,S 3 ) 



(2J + 2m + 1)(2 J - 2m + 1) j+i 



(2 J + 2m' + 1)(2 J - 2m' + 1) j-i 1 

mm' f ' 



(2 J + l)Vol(£ 3 ) 



2V2\ 



(2J + 2m' + 1)(2J - 2m / + 1) j-i 
(2J+l)Vol(S 3 ) 



(A.35) 
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These expressions are not used in this paper. 

For the special case J = |, the vector harmonics satisfy 



^k) = \ ^% My) + V% My) ) = 0. (A.36) 



This equation expresses the fact that the vector harmonics Y[^ M ^ are the 
Killing vectors on S* 3 . 

Tensor harmonics As in the case of the vector harmonics, the tensor 
harmonics of rank 2 in Cartesian coordinates on R 4 can be constructed, 
using the symmetric traceless tensor r^ h ', as 

y %m*) = \h E C J jt^C J j-^gYj N {^) m (A.37) 

Z ' N,T 

where N = (n,ri), T = (t,f) and x = ±1. Using Eqs.(A.lO), (A.22) and 
(D.2), we can show that this satisfies the normalization 

/ d ^3 Y Ji*M lXl ) Y P^M^2X2) = -J^Ji^MiMa&cixa, (A.38) 

Jo i 

and, from the relations (A. 11), (A. 14) and (D.l), we have 

Y j{Mx) = € MYj(_ Mx y (A. 39) 

As in the case of the vector harmonics, we can easily show that the tensors 
given by (A.37) satisfy the equation 

~ ™ — Y^lO^ ) \ " (^J+xm^lt f^J-xm' f^W v y v _ n 

X P X " Y J(Mx) ~ 9 2^ Wn.lt °i u l s U Jn',lt> U \u> ,\s' Y ™ Y \U Y \S ~ U > 

Z N,T,U,S 

(A.40) 

where U = (u,u'), and the properties of the D function (D.8) have been 
used. Furthermore, mapping to spherical polar coordinates using the relation 
Y^uj(Mx) = ^^^(Mj), we can directly show that the Y rfi components 
vanish. This implies that the equation 

^YjTmx) = (A.41) 
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is satisfied. We can also directly see that the harmonics Yj 3 , Mx , derived in this 
way satisfy the transverse condition and the eigenequation (A.l) for n = 2. 

We can easily generalize the construction of the vector and tensor har- 
monics mentioned above to any rank as 

1 J{Me n ) Z^°Jp,f« °Jp',f«' r JPV T )uu', l A - 4 ^J 

P,U 

where P = (p,p') and e n = ±|. 



B SU(2) x SU(2) Clebsch-Gordan Coefficients 

In this section we calculate several SU(2) x SU (2) Clebsch-Gordan coef- 
ficients defined by the integrals of three products of ST 2 tensor harmonics. 



C coefficients The most simple coefficient is given by the integral of a 
product of three scalar harmonics. This coefficient can easily be calculated 
using the following property of the Wigner D function: 

C J jX,J 2 m 2 = y/Vol(SP) I dn 3 Yj* M Y JlMl Y j2 M 2 (B.l) 

/ (2j 1 + i)(2j 2 +Ty , 

V 2 J + 1 ^Jim 1 ,J 2 m 2 { ~'J 1 m' 1 ,J 2 m' 2 - 

This coefficient vanishes unless the triangular conditions 

\Ji-M < J < Ji + -h, (B.2) 

with integer J + J\ + J 2 , and the requirement M = Mi + M 2 are satisfied. 
From the definition (B.l), we can easily see that the C coefficients satisfy 
the relations 

(~iJM _ (^JM _ (~iJ-M _ piJiMi / R o\ 

K ^J 1 M 1 ,J 2 M 2 — K ^J 2 M 2 ,.J 1 M 1 — K ^.J 1 -M 1 ,.J 2 -M 2 — e M 2 ^jM,J 2 -M 2 - \ D -°) 

D coefficients Consider the SU(2) x SU(2) Clebsch-Gordan coefficients 
including vector harmonics. The most simple one is 

D ;KW),./ 2 (M 2 y 2 ) = y/VoHS 3 ) J s3 dn 3 Yj M Y} l{Miyi) Y iM M 2 y 2 ) (B.4) 

= rVV0l(53) A^M^(M 1S1 )^(M«). 
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Using the result for three scalar harmonics, (B.l), and the formula (D.3) 
relating three Clebsch-Gordan coefficients for the left and right SU(2) parts 
separately, we obtain 



D 



JM 



'2Ji(2Ji + l)(2Ji + 2)2J 2 (2J 2 + 1)(2J 2 + 2) 



./; { A/, //, .../.;: A/.-//.? \ ' "~" 2J+1 

J Jl J 2 I J J\ J2 



X 



^2 + 2/2 + Hi [I 5 J2 - 2/2 Ji - 2/1 



^ 2 1 yz "± 1 y± j ^ 2 

wC Jm fiJra' m c\ 

Ji+J/nm, J 2 +y 2 m 2 ^Ji-yim^, J 2 -y 2 m' 2 V 1 ^- ) 

The triangular condition for the standard Clebsch-Gordan coefficients implies 
that this coefficient vanishes unless the triangular conditions 

I J"i — J2I < J < Ji + J2 - 1 for yi = y 2 , 
|Ji-J 2 | + l< J <Ji + J 2 ior yi ^y 2 , (B.6) 

with integer J + J x + J 2 , and the requirement M = M x + M 2 are satisfied. 
Also, the D coefficients satisfy the relations 

y\JM _ p>JM _ taJ-M (-d 7\ 

U Ji(M iyi ),J 2 (M 2 y 2 ) - V J 2 (M 2 y 2 ),J 1 (M 1 y 1 ) ~ L, J 1 (-M 1 y 1 ),J 2 (-M 2!ft )' I 13 -' J 

E coefficients The most simple coefficient including tensor harmonics is 

E MM 1 x 1 ),J 2 (M 2 x 2 ) = V /Vol ( 5 ' 3 ) J si d ^ Y JM Y J 1 {M 1 x 1 ) Y ijJ2{M 2 x 2 ) (B.8) 



r 4 y/Vol(S 3 ) dn 3 YJ M Y^ MiXi) Y fipMM2X2) . 



s 3 

As in the calculation of the D coefficients, using Eqs. (B.l) and (D.3), we 
obtain 

TpJM 

rj Ji(Mixi),J 2 (M 2 X2) 

/ (2Jj - l)(2Ji + l)(2Jx + 3)(2J 2 - 1)(2J 2 + 1)(2J 2 + 3)" 
V 2J+1 

J Ji -l -i I J Ji J2 ! 



x 



1 J 2 + X 2 Jl + Xi J I 1 J 2 - x 2 Jl — Xi 

' Ji+x\m\,J 2 +x 2 m 2 J\—x\m' 1 ,J 2 —x 2 m' 2 • 



Ji+ximi,J 2 +x 2 m 2 Ji— urn! ,J 2 —x 2 mi, • \ ^ J 
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This coefficient vanishes unless the triangular conditions 

| Ji — J 2 \ < J < Ji + J 2 — 2 for xi — x 2 , 
\Ji-J 2 \ + 2< J <Ji + J 2 Iot Xi ^x 2) (B.10) 

with integer J + J x + J 2 , and the requirement M = M x + M 2 are satisfied. 
Also, the relations 

T? JM — T?JM _ pi J-M m ii\ 

^JiCM^O.JaCMaxa) ~ ^ J 2 (M 2 x 2 ),Ji(M lXl ) ~ ^ J 1 (~M 1 x 1 ),J 2 (-M 2 x 2 ) K^- 11 ) 

are satisfied. 

G coefficients Consider the SU(2) x SU(2) Clebsch-Gordan coefficients 
with a derivative. The most simple one is constructed from scalar and vector 
harmonics as 

GMM iyi y,j 2 M 2 = y/Vol(S*) j0dn 3 Y} M Y} l(Mlvl) ViY j2M2 (B.12) 

7 Vol (S 3 ) / d^(d p Y* M )Yf i{Miyi) Y j2M2 . 



= -r 2 



This coefficient is evaluated as follows. Recall that vector harmonics satisfy 
the condition XxYj(My) = 0> i- e - (A. 29). By differentiating this condition, we 
obtain the expression 

— —rr-f)P-V^ 
1 J (My) — X X° 1 J (My) 

= -\^^^T > C^C^(& ^ Y JN )Y hs , (B.13) 



where we have used the equation x^(r A ) ss / = r^J y ° l ^ ~Yi s . Using this ex- 
pression and the identity d^Ad^B = \{U(AB) - {UA)B - AaB}, where 
□ = dfid^, we obtain 

VYj' M )Y JlNl - Y' JU OY JlNl }Y is Y JlM ,. (B.14) 



4 
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This quantity can be evaluated using the eigenequation for scalar harmonics, 
^Yjm = -^svYjm = ~^2J(2J+ 2)Yjm, and the product expansion (C.l) 
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given in the next section. Furthermore, noting Eq.(A.29), we see that only 
the first term in the braces gives the non-vanishig quantity 

-l£2*(2K- + 2) £ C^C^pCiXKTtsC^. (B.15) 

Using the formula (D.3) relating three Clebsch-Gordan coefficients for the 
left and the right SU (2) parts separately, we finally obtain 

r^JM 

^ 'Ji(Mij/i);J 2 M 2 



K=J 2 ±\ 



J Ji if J ^ A" 



(B.16) 

From the properties of the standard Clebsch-Gordan coefficients, we find that 
this coefficient vanishes unless the triangular conditions 

M + \< J< Ji + (B.17) 

with half-integer J+ Ji + J 2 , and the requirement M = Mi + M 2 are satisfied. 
Also, we find that these coefficients satisfy the relations 

pJM _ _f~tJ-M /r> i o\ 

,J Jl(Mij/i);J- 2 M2 - ^Ji(-Miyi);J 2 -M 2 - 

H coefficients The coefficient constructed from scalar, vector and tensor 
harmonics is 



l 2 



K J MM lxl) ,MM 2 y 2) = /Vol(S^ s3 ^4 M]Il) V t % ffl) (B.19) 

V Vol OT / 53 ^3(^y; M )it^ lxl) yp j2 (M 2J/2 ). 

M J(Mx) 



= —r 



As in the case of the G coefficients, using XpYj? Mx) = 0, we obtain the 



expression 

Yj(Mx) = ~ x \^^ r j(Mx) (B.20) 
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where Eq.(A.24) has been used. Substituting this expression into the defini- 
tion, we obtain 

,2^y ^1('C'3\ \ ~> \ ~> r <J 1 +x 1 m in Ji-xim' in J 2 +y 2m2r ,.J2-y2m' 2n \U 
T — \OV{b ) 2^ 2^ 2^°Jini,lti U Jini,lti %i S2 C 'J2nU S rmiS 2 
^ JVi,Ti JV 2 ,S 2 1/ 

x | ^ 3 (^F 7 V)(^F JlWl )F 72 ^n i/ . (B.21) 

The integral here is evaluated as in the computation of G, and the product 
of Clebsch-Gordan coefficients are simplified using the formula (D.4) for the 
left and the right SU (2) parts separately and the formula for the 6j-symbols 
(D.12). We then obtain the following form: 

ttJM 

rl Ji(M 1 x 1 );J2(M 2 y 2 ) 



3 /(2Ji - l)(2Ji + l)(2Ji + 3)2J 2 (2J 2 + 1)(2J 2 + 2) 



2^ 2J+1 
£ 2K(2K+l)(2K + 2)( f ) J2 t_ m ) 

K=J 2 ±l I 2 2 2 J 



X 

K 1 J 2 - y 2 \ \ J Ji + xi J2 + IJ2 \ j J J1 — X1 h-yi 



x 



\ J2 \ J \ 1 K J x \\\ K J x 



Ji+ximi,J2+2/2fH2 Ji— xim^,J2— 2/ 2 ffi 2 ' ^-D.^^J 

This vanishes unless the triangular conditions 

1 3 

\J\-Ji\ + -^< J <Ji + J2~- forzi = 2y 2 , 

|^i-^2| + | < ■/ <^i + ^ 2 -^ forx!^2y 2 , (B.23) 

with half-integer J+J 1 + J 2 , and the requirement M = Mi + M 2 are satisfied. 
Also, the relations 



ttJM _ ttJ-M m 

tl MM 1 x 1 );J 2 {M2y2) - rl Ji{-M 1 x 1 );J 2 {-M 2 y 2 ) 



are satisfied. 



C Product Expansions and Crossing Relations 
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Product expansions The ST 2 tensor harmonics satisfy the following prod- 
uct expansions: 

y.j 1 M 1 yj 2 M 2 = , E E c jfM U j 2 M 2 Y JM, (c.i) 

Y Ji(M iyi ) Y iJ 2 {M 2 y 2 ) = i 12 12' D MMiyi),J 2 (M2y2) Y JM, (C.2) 

Y J 1 (M 1 x 1 ) Y ijJ2(M 2 x 2 ) = , E 12^MM 1X i),J 2 {M 2 x 2 ) Y JM- (C.3) 

'Vol(S d ) J>0 M 



The products here are taken at the same points. These equations are iden- 
tified to the definitions of the C, D and E coefficients. 
More useful product expansions are 



1 JxMx 1 J 2 {M 2 y 2 ) 



12 12 e M^%^M 2y2 ) y jl y -My) Y J(Nhr ] 



Vol(S 3 ) j>i M,y 

g £ 2 J( 2 J + 2) ^ G MM 2 y 2 y,j-u^ Y JM (C.4) 



and 



1 JiM! 1 J 2 (M 2 x 2 ) 



V^olCT 



2^ t M^j 2 (M 2 x 2 ),J(-Mx) 1 J( 
J>1 M,x 

I ^ ^ 2 



\ " \ " f , ttJiMi Y7(ivj) 

^W)kky (2J-l)(2J + 3) €Mti MM 2 x 2 y,J { -M y) V J(My) 

EE-- 



V / Vol(^) m 2 (2 J - 1)2.7(2 J + 2)(2J + 3) 

^m!%^ X2) ,j_ m (v^ - ^V 2 ) Yjm, (C.5) 

where the smallest values of the sums of J are determined by Eqs.(A.25) and 
(A. 36). The new coefficient is defined by 

I J MM lxl y,j 2 M 2 = y/Vol(SP) d^Y^Y^^VjYj^. (C.6) 
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Using Eq.(A.25), we see that this coefficient vanishes for J = ^: 

— M 

Ijl(Mixi);J 2 M 2 = 0- (C-7) 

This fact is important when we construct the conformal algebra in the trace- 
less mode sector. 

Furthermore, we consider 

I J 1 M 1 y/ 1 J 2 {M 2 y 2 ) 
1 

JiMi v ij 



\'<>l(.S' :; ) J : W.., 



EE £MHj(_Mx);J 2 (M 2 y 2 y^J(Mx) 



—————— -|2J(2 J + 2) 



V / V^)iri^(2^-l)(2J + 3) 

-2Jx(2J! + 2) + 2J 2 (2J 2 + 2) - 6}e M D 
+e M ~Djlf'h 



JiMi 

J 2 (M 2 y 2 ),J(-My) 



J 2 (M 2 y 2 ),J(-My) 



EE-- ' 



v/VolG^) £i m 4 (2 ^ - 1)2 J(2 J + 2)(2 J + 3) 
x {2 J(2 J + 2) - 2 Ji(2 Ji + 2) + 2 J 2 (2J 2 + 2) - 3} 

«mG;;£ S2);J . m (>V^ - ±f V 2 ) Y JM , (C.8) 

where 

V J jf { M iyi) ,MM 2 y 2 ) = ^S 5 ) / 53 ^(ViVjM)^^)!!^)- (C9) 

The D coefficients have the same indices as the D coefficients. For J = |, 
using Eq.(A.25), we find that 

^Ji(M iyi ),J 2 (M 2 y 2 ) = _D Ji(M 1 j/ 1 ),J 2 (M 2 s/2)- (C.10) 

This equation is used below. 

Crossing relations Let us consider the following integral of the product 
of four scalar harmonics: 

j s3 dn 3 Yj* iMi Yj 2M2 Y* 3M3 Y j4M4 . (C.11) 
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Using the product expansion (C.l), we obtain the following crossing relation: 

E\ " , r >J 1 M 1 /-1J3M3 \ " \ " , n JiMi /"1J3M3 (n io\ 

Z_^ t M^j 2 M 2 ,J-M K ^JM,J 4 M 4 ~ 2-^ tMK ^J 4 M 4 ,J-M K ^JM,J 2 M 2 - \^- lz ) 

J>0 M J>0 M 

The case J\ = J3 = \ is used to derive the conformal algebra given in Sect. 
4, and, also, the case J\ — \ and J3 = J + J 4 is used to derive the creation 
operator that commutes with the charge Qm, given in Sect. 5. 

As a variant of this crossing relation, we consider the relation obtained 
from the integral in which Yj 2 m 2 and Y JiMi are replaced with other harmonics. 
Changing to vector harmonics and using the product expansion (C.4), we 
obtain 

V v f „n JiMi TV3M3 

Z^ 2^ J 2 (M 2 y 2 ),J(-My) 1J J(My),J 4 (M iyi ) 



J>\ M,y 



^ /-1J1M1 P1J3M3 

i Z^ 2J(2J + 2) M MM 2 y 2 );J-M ^j 4 (M 4yi y,jM 



- 2 



= [J 2 (M 2 y 2 ) <-> J 4 (M 4 y 4 )], (C.13) 
and, also, changing to tensor harmonics and using (C.5), we obtain 

Z^ tMlj J 2 (M 2 x 2 ),J(-Mx) Ij J(Mx),J 4 (M 4 x 4 ) 
J>1 M,x 



EV" , uJlM! TTJ3M3 
^ (2 J _ 1)(2J+ 3) n ^(M 2a;2 );J(-Mj / ) rl J4(M4 : r4);J(My) 

1 V V - - e T JlMl T J3M3 

^ ^ 2 (2 J - 1)2 J(2 J + 2) (2 J + 3) ^Mm^j-m^mm^jm 
= [J 2 (M 2 x 2 ) <-> J 4 (M 4 x 4 )]. (C.14) 
Next, consider the integral 

^ 3 ^3>7lM 1 ^j 2 V2^2) F i3M3^(i y jV4(M 4j /4)- (C.15) 

For simplicity, we consider the case Ji — Jz — \ used in the text. Then, 
using the products (C.5) and (C.8), we obtain 

Z^ Z^ t ^ Ej J 2 {M 2 x 2 ),J{-Mx) n -J{Mx);J 4 {M 4 y 4 ) 
J=J 4 M,x 
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J g j gJ (2 J - 1 )W + 3) { 2J ' 2J + 2 > + ^ + 2) - "J 

XeMnj 2 (M 2 x 2 );J(-Mj/) 1J J(Mj / ),J4(M4y4) 



EE 

J=J 4 M,x 

~ £ g 5 (2 J -l)W + 3) { 2J(2J + 2) + ^ + 2) - 

xe MD} 4(M4 j /4)iJ{ _ M j /) H} 2( ^ 2:r2);J(Mj/) , (C.16) 
where we have used Eqs. (C.7) and (C.10). The values of J are now fixed, 

because ^■ 2 J l (M 1 x 1 );J 2 {M 2 y 2 ) ^ $JiJ 2 - 

Then, consider the integral 

dtt 3 Vi ( Y ? Ml Y J 2 (M 2 x 2 )) Y lM 3 Y jMM 4 y 4 ) 
= - J g3 d ^ Y ^M 1 Y ji(M 2 X2)(^i Y ^M 3 ) Y jMM4y4) 

- j s3 d ^3 Y ±M 1 Y MM2X2) Y ±M 3 ^i Y jMM4y4)- ( C - 17 ) 

In the integral on the l.h.s. here, the product of 1 and 2 and of 3 and 4 are 
evaluated first, and in the two integrals on the r.h.s., the products of 1 and 
4 and of 2 and 3 are evaluated first. Then, we obtain 

t ^ n -J2(M 2 X2);J(-My) 1J J(My),J4(M4y4) 

J=J 2 M,y 



= EE 



i 



jt^ 2 fe;(2J-l)(2J + 3) 



- {2 J(2 J + 2) + 2J 4 (2J 4 + 2) - 11} - 1 
2 



* t M*-'j 4 (M4y4),J(-My) I1 J 2 (M 2 x 2 );J(My) 

~~ E ^ eM 'Hj(-Mx)-,J4(M4y4)^'J(Mx),J2(M2X2)- (C.18) 
J= J 4 M,rr 

D Some Important Fomulae for Clebsch-Gordan 
Coefficients and Wigner D functions [41] 

The standard Clebsch-Gordan coefficient C^ b/3 vanishes unless the tri- 
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angular condition \a — b\ < c < a + b and the requirement a + (3 = 7 are 
satisfied, where a, b and c are integer or half-integer, non-negative numbers, 
and a + b + c, a + a, b + /3, c + 7 are integer, non-negative numbers. The 
coefficients satisfy the equations 

C c ~< — ( 1 \a+6— C/nrC— 7 _ 1 -, \a+b-cs~tc~f _ i -, \b+/3 / 2c + 1 r , a _ a 

^aa,b/3 ~ K~ l ) °a-a,&-/3 ~ \ l ) ^b/3,aa ~ \~ 1 ) V 2a + i c ~ 1 ' bf3 ' 

(D.f) 

The formulae for the products of the Clebsch-Gordan coefficients are as 
follows: 

E C Z,bfl C aa,bp = W 77 ', (D.2) 
a,(3 

Ef i \a— as^icy ^yet /"iff 
\ l ) u b/3,aa u bl3,d5 u dS,a-a 

= (-iy +b+e+f J(2c+l)(2f + l)C^ I I b f C d I , (D.3) 



E, T\ip+K+p+a+Tsiaa /~~tb(3 /~<c~f /~id8 r~iee 
V ^ ) ^ y pi(>,qK^ y qK,,rp^ y rp,s<T^ y s<T,tT^-'tT,p—il> 

1p,K,p,cr,T 



= (_ 1 ya-b-2c-2p-2r-t+ a +5^ 2a+ + 1) 

x E E(-i) 5+T/ (2^ + my + WZm^Iv^-s 

x,y £, v 

x f a b x 1 f x e y 1 f y c d 1 
[ r j) g j | i r j) J | s t r j 

Some important properties of the Wigner £) functions are given below: 

^ = (-1)"' D J _ m _ m „ (D.5) 



^mimpmjm^ L^i ^ Jim 1 ,J 2 m2^ Jim' 1 ,J2m' 2 mm' i \ 1 - , - y, J 

J=\ Ji — J2I m,m' 

E E ^Jimi.Jjmj^imJ.^m^mim'^msm^ = £jJ'{-A^2./}-D mm '> ( D - 7 ) 

mi ,771^ m2,m2 
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EV^ (~iJm s~<Kn /~<J'm' /-tK'n' 

/ j / j Kn,Jzvriz J\m\,J2'rn2 K'n' ,J3m' 3 J\m' 1 ,J2'fn' 2 
m\,m!^ m2,m' 2 m3,m' 3 

*D'X m ,D^ m ,D^ m , = 6jj.6 KK ,{J 1 J 2 K}{KJ s J}Di m ,, (D.8) 



V 2 D J mm , = 4|^ + cot^ + -^(^-2cos^ 7 + ^)|^ m , 

= -U(J + l)D J mm „ (D.9) 

/ 53 <MzD J £ m ,D% 2m , 2 = ^^S JlJ2 5 mim2 5 m[mf2 , (D.10) 
j 

m'=—J 

Here, the arguments of the D functions are all D J mm , = D^ nm ,{a, (3, 7). The 
quantity {J1J2J3} is unity if J\ + J 2 + J3 is an integer and \J\ — J 2 \ < J3 < 
Ji + J2, while it vanishes otherwise. {J1J2J3} is invariant with respect to 
permutations of Ji, J2 and J3. 

The formula for the products of 6j-symbols is 

E Rmn for the conformal mode and the trace- 
less mode sectors 

Using the parametrization (4.15), the charges Rmn for the conformal 
mode and the traceless mode sectors are obtained as 

R u = H XX m + m ') ( at JM a JM - b ] JM bjM) 

J>0 M 

+ E E( m + m ') ( C J(MxfWz) ~ d\ Mx) dj {M x)) (E.l) 



J>1 M,X 



EE( m + m ') e J(My) e AMy), 
J>1 Af,j/ 



#22 = EE( m_ m ') ( a JM a /M - tf JM b JM ) 



J>0 M 
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+ E E ( m - m ') ( C \(MxfJ(Mx) ~ d ] j (Mx) dj {M x)) (E.2) 



J>1 M,x 



J>1 M,y 



^21 = JEE \A 2J + 2 - 2m ')(2J + 2m') (4 M a jM - 6^6^) 

Z J>0 M 

+ ^EEV / ( 2J - 2m ')(2J-2 + 2m') 

Z J>1 M 

X ( C J(M1) C J(M1) — 4(M1)^J(M1)) 

^EE \A 2J + 1 - 2m ')( 2 ^ - 1 + %.^ }) (E.3) 

Z J>1 M 2 

+i E E V( 2 J + 4 - 2m ') ( 2 J + 2 + 2m ') 

2 J>1 M 

X ( C J(M-1) C J(M-1) ~~ ^J(M-1)^J(M-1)) 

-^EE \A 2J + 3 - 2m ')( 2J + 1 + M4 M _i) e ^4)> 

Z J>1 M 2 

^3i = \ E E \A 2J + 2 - 2 ™)( 2 ^ + 2 ™) (ajjifOJM - 6jjitf6jAf) 

2 J>0 M 

+ - E E \A 2J + 4 - 2m)(2J + 2 + 2m) 



9 

^ J>1 M 



X ( c1 J(Ml) C J(Kl) ~ 4(Ml) rf ^(Ml)) 

-i E E \A 2 J + 3 - 2m) (2 J + 1 + 2m)e t Mi e J(M i } (E.4) 

Z J>1 M 2 

+^EEv / ( 2J - 2m )( 2J - 2 + 2m ) 



9 

* J>1 M 



X 



( C J(M-1) C J(M-1) ~ d \{M-l) d J(M-l)) 

E E \A 2J + 1 - 2m)(2J - 1 + 2m)e t M _ 1 e J( „ 4)l 

Z J>1 M 2 

where M = (m, m' — 1) and M = (m — 1, to'). 
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